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ABSTRACT
We study Einstein-Born-Infeld gravity and construct the dyonic (A)dS planar black holes
in general even dimensions, that carry both the electric charge and magnetic fluxes along
the planar space. In four dimensions, the solution can be constructed with also spherical
and hyperbolic topologies. We study the black hole thermodynamics and obtain the first
law. We also classify the singularity structure.
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1 Introduction
In 1934, Born and Infeld [1] proposed an elegant nonlinear version of electrodynamics that
successfully removes the divergence of self-energy of a point-like charge in Maxwell’s theory
of electrodynamics. The Lagrangian density of the Born-Infeld (BI) theory inD-dimensional
Minkowski spacetime is given by
L = −b2
√
− det
(
ηµν +
Fµν
b
)
+ b2 , (1.1)
where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric, Fµν = 2∂[µAν] is the Faraday ten-
sor and A = Aµdx
µ is the Maxwell gauge potential. BI theory contains a dimensionful
parameter b, and in the limit b→∞, BI theory reduces to the Maxwell theory,
L = −1
4
F 2 +O
(
1
b2
)
. (1.2)
In the limit b → 0, the Lagrangian in four dimensions becomes F ∧ F which is a total
derivative. The limit is generally singular in higher dimensions.
BI theory has enjoyed further attentions since the invention of string theory. It turns out
that the BI action can arise from string theory [2], describing the low energy dynamics of D-
branes [3]. We refer to e.g. [4,5] for some comprehensive reviews on the BI theory in string
2
theory. The special Born-Infeld-like nonlinear form is also very useful to construct analogous
new theories, such as Dirac-Born-Infeld (DBI) inflation theory [6,7] and Eddington-inspired
Born-Infeld (EiBI) cosmologies [8]. BI theory can also be adopted to explore issues of dark
energy [9, 10].
In this paper, we focus on the study of black holes in Einstein-Born-Infeld (EBI) theory.
The most general static type-D metric of the BI theory in four dimensions was constructed
in [11]. (See also [12] and [13].) The spherically-symmetric solution was generalized to
arbitrary D dimensions in [14] where the black hole thermodynamics was studied. The
black hole solutions was also generalized to include different topologies [15]. The Born-
Infeld black hole solutions were also studied in Einstein theory with a dilaton field [16] and
in the modified gravity theories such as Gauss-Bonnet theory [17], Lovelock theory [18],
Brans-Dicke theory [19], f(T ) theory [20], massive gravity [21], and so on. The extended
thermodynamics [14–20, 22–24], geodesics [25, 26], and AdS/CFT correspondence proper-
ties [27–29] were studied too. Other Born-Infeld solutions are also studied, for example,
thin-shell wormholes [30].
(A)dS black hole solutions in BI theory considered in literature typically involves only
either the electric or magnetic charges. Although the dyonic black hole in EBI theory was
constructed in [11], it is written in the general (static) type-D form. The global structure
in the spherically symmetric form was analysed in [25] for the asymptotically-flat case. In
this paper, we shall first study the dyonic (A)dS black holes in the EBI theory in four
dimensions with general topologies, focus on analysing the black hole thermodynamics and
singularity structure. We then construct dyonic AdS planar black holes in arbitrary even
dimensions, where the solutions carry both the electric flux as well as the magnetic 2-form
flux along the planar space.
Interestingly in almost all the previous works on constructing black holes, the equivalent
action in four dimensions was used, rather than the original one. In D = 4, the Lagrangian
can be equivalently expressed as [1]
L = b2 − b2
√
1 + I1 + I2 , (1.3)
where
I1 =
1
2b2
FµνF
µν =
B2 − E2
b2
, I2 = − 1
16b4
(
Fµν F˜
µν
)2
= −(E ·B)
2
b4
, (1.4)
in which E and B are electric and magnetic fields, and
F˜µν =
1
2
ǫµνρσFρσ =
1
2
√− det(ηab)εµνρσFρσ , (1.5)
3
where εµνρσ is a tensor density with ε0123 = 1.
The equivalence of (1.3) and (1.1) is only true in four dimensions; it is no longer valid in
higher dimensions. However, if one considers only static solutions carrying electric charges,
one can nevertheless use the reduced Lagrangian (1.3). In fact in this case, one can even
ignore the I2 term. This was indeed done in many previous works, for example [12–15]. Since
one of our purposes is to construct dyonic black holes in higher dimensions, the Lagrangian
(1.3) is not suitable for this purpose and we shall use the original Lagrangian (1.1) instead
for all our constructions.
The paper is organized as follows. In Sec. 2, we review the EBI theory and then derive
the equations of motion for all dimensions. In Sec. 3, we obtain the exact dyonic (A)dS
black hole solutions in four dimensions with a generic topological horizon. Then we study
the global structure, black hole thermodynamics and the singularity structures. In Sec. 4,
we generalize the results to all even dimensions. We conclude the paper in Sec. 5.
2 EBI and its equations of motion
In this section, we consider the EBI theory. The Lagrangian of BI theory can be naturally
generalized to curved spacetimes and the Lagrangian is given by
L = −b2
√
− det
(
gµν +
Fµν
b
)
+ b2
√
− det (gµν) , (2.1)
where gµν is the metric. The Lagrangian of the EBI theory with a bare cosmological constant
Λ0 can be written by
L = √−g (R− 2Λ0)− b2
√
− det
(
gµν +
Fµν
b
)
, (2.2)
where Λ0 = Λ − b2/2. Here, Λ is the effective cosmological constant. The variation of
Lagrangian (2.2) gives rise to
δL = √−g (−Eµνδgµν + EνAδAν +∇µJµ) , (2.3)
where g = det(gµν), J
µ is the surface term and
Eµν = Gµν + gµνΛ0 +
b2
2
√−h√−g
(
h−1
)(µν)
, (2.4)
EνA = ∇µ
[√−h√−g b (h−1)[µν]
]
, (2.5)
4
in which Gµν = Rµν − gµνR/2, hµν = gµν + Fµν/b, h ≡ det(hµν), and (h−1)µν denotes the
inverse of hµν , satisfying
(h−1)µρ hρν = δ
µ
ν , hνρ (h
−1)ρµ = δµν . (2.6)
We further defined
(
h−1
)(µν)
=
1
2
[(
h−1
)µν
+
(
h−1
)νµ]
,
(
h−1
)[µν]
=
1
2
[(
h−1
)µν − (h−1)νµ] . (2.7)
The equations of motion are then given by Eµν = 0 and EµA = 0. These equations are
derived from the original Lagrangian (2.2) of the EBI theory and hence are applicable in
all dimensions and for all charge configurations.
3 Dyonic black hole in four dimensions
In the previous section, we obtained the equations of motion of the EBI theory. We now con-
struct the static dyonic (A)dS black hole solution with a general topological horizon in four
dimensions. We shall then study the global structure and the black hole thermodynamics.
3.1 Local solution
The static solution in the type-D form in the EBI theory was first constructed in [11]. The
spherically-symmetric and asymptotically-flat solution was given in [25]. In this section, we
study the properties of the dyonic (A)dS black holes. The most general static ansatz can
be written as
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2
(
du2
1− ku2 + (1− ku
2)dϕ2
)
, A = φ(r)dt+ pudϕ , (3.1)
where k = 1, 0,−1 denotes the metric for the unit 2-spheres, 2-torus or the unit hyperbolic
2-space, and p is magnetic charge parameter. It turns out that the equations of motion of
the metric gµν imply that h(r) = f(r) and the equations of motion for Aµ imply that φ(r)
can be expressed as
φ′(r) =
q√
r4 + Q
2
b2
, with Q =
√
p2 + q2 , (3.2)
where and thereafter, we use a prime to denote a derivative with respect to r, and q is a
integral constant that is related to the electric charge. The function f(r) satisfies
rf ′(r) + f(r) = k − Λ0r2 − b
2
2
√
r4 +
Q2
b2
. (3.3)
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Thus f(r) can be solved and expressed in terms of hypergeometric function 2F1
f(r) = −1
3
Λ0r
2 + k − µ
r
− b
2
6
√
r4 +
Q2
b2
+
Q2
3r2
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4
]
, (3.4)
where µ is the integral constant corresponding to the mass of the solution. The electric
potential φ(r) is expressed by
φ(r) =
∫
∞
r
qdr˜√
r˜4 + Q
2
b2
=
q
r
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4
]
. (3.5)
In the limit b→∞, the solution recovers the dyonic Reissner-Nordstro¨m-(A)dS black hole,
f(r) = −Λ
3
r2 + k − µ
r
+
Q2
4r2
, φ(r) =
q
r
. (3.6)
On the other hand, in the limit b → 0, the Born-Infeld field vanishes and the solution is
reduced to the Schwarzschild-(A)dS black hole in pure cosmological Einstein theory,
f(r) = k − µ
r
− Λ
3
r2 . (3.7)
In the large-r expansion, we have
f(r) = −Λ
3
r2 + k − µ
r
+
Q2
4r2
+O
(
1
r6
)
, φ(r) =
q
r
+O
(
1
r5
)
. (3.8)
Thus we see that the first few leading-order expansions match those of the Reissner-
Nordstro¨m-(A)dS black hole.
3.2 Thermodynamics
Now we discuss black hole thermodynamics. The event horizon is defined through f(r+) = 0,
where r+ denotes the largest root of f . It is convenient to express the constant µ in terms
of r+, namely
µ = −1
3
Λ0r
3
+ + kr+ −
b2r+
6
√
r4+ +
Q2
b2
+
Q2
3r+
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4+
]
. (3.9)
Since the metric is asymptotically (A)dS, according to the definition of mass in asymptoti-
cally (A)dS space by Abbott-Deser-Tekin (ADT) formalism [31], we find
M =
ω2
8π
µ , (3.10)
where ω2 =
∫
dudϕ. For k = 1, corresponding the unit S2, we have ω2 = 4π.
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The temperature T and entropy S on the horizon are easily calculated as
T =
f ′(r+)
4π
=
k − Λ0r2+
4πr+
− b
2
8πr+
√
r4+ +
Q2
b2
, (3.11)
S =
A
4
=
r2+
4
ω2 . (3.12)
The electric and magnetic charges are given by
Qe =
ω2
16π
√
−h(h−1)[tr]|r→∞ = q
16π
ω2 , Qm =
ω2
16π
Fuφ|r→∞ = p
16π
ω2 . (3.13)
Note that the above electric charge as a conserved quantity follows from the equation of
motion (2.5). The electric and magnetic potentials are given by
Φe =
q
r+
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4+
]
, Φm =
p
r+
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4+
]
. (3.14)
The differential first law of black hole thermodynamics can be written as
dM = TdS +ΦedQe +ΦmdQm . (3.15)
One can further treat the cosmological constant as a generalized “pressure” PΛ0 = −Λ0/(8π)
[32,33]. The conjugate quantity V can be viewed as a thermodynamical volume. The first
law reads
dM = TdS +ΦedQe +ΦmdQm + VdPΛ0 , (3.16)
where
V = ω2
3
r3+ . (3.17)
Since b is a dimensionful quantity, it will inevitably appearing in the Smarr relation. It
is useful also to introduce it as a thermodynamical quantity. Since b2 has the same di-
mension of the cosmological constant, we may define Pb = −b2/(16π), The corresponding
thermodynamical potential is
Vb = ω2
3
r3+
(√
1 +
Q2
r4+b
2
− Q
2
2b2r4+
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4+
])
. (3.18)
The extended differential first law of black hole thermodynamics is given by
dM = TdS +ΦedQe +ΦmdQm + VdPΛ0 + VbdPb . (3.19)
The above first law can also be expressed as
dM = TdS +ΦedQe +ΦmdQm + VdPΛ + b
8π
(V − Vb)db , (3.20)
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as was proposed in [22]. The integral first law of black hole thermodynamics , also called
Smarr formula, is given by
M = 2 (TS − VPΛ0 − VbPb) + ΦeQe +ΦmQm . (3.21)
(See, also [34–36].) When the topological parameter k = 0, corresponding to AdS planar
black holes, there exists an additional generalized Smarr relation [37]
M =
2
3
(TS +ΦeQe +ΦmQm) . (3.22)
3.3 Wald formalism
Now we will calculate the conserved chargeM by using Wald formalism [31]. The conserved
charges of AdS black hole has been calculated by many different methods such as the
covariant phase space approach [38,39] developed by Wald, ADT formalism [31], and quasi-
local ADT formalism [40–45]. The Wald formalism has been used to study the first law of
thermodynamics for asymptotically-AdS formalism in lots of theories, including Einstein-
scalar theoy [46,47], Einstein-Proca [48], Einstein-Yang-Mills [49], Einstein-Horndeski [50–
52], in gravities extended with quadratic-curvature invariants [53], and also for Lifshitz
black hole [54].
Since the conserved charge of dyonic black hole has the same as that with pure electric
case, so for simplicity we calculate the conserved charge for the back hole with the pure
electric charge. The effective Lagrangian is
L = √−gL , L = R− 2Λ0 − b2
√
1 +
F 2
2b2
, (3.23)
A general variation of the Lagrangian (3.23) was given in (2.3). The equations of motion
are given by
Eµν = Gµν + gµνΛ0 +
1
2
gµνb
2
√
1 +
F 2
2b2
− FµρFµ
ρ
2
√
1 + F
2
2b2
, (3.24)
EνA = ∇µ
 Fµν√
1 + F
2
2b2
 . (3.25)
The surface term Jµ = Jµg + J
µ
A is given by
Jµg = g
µρgνσ (∇σδgνρ −∇ρδgνσ) ,
JµA = −
FµνδAν√
1 + F
2
2b2
.
(3.26)
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From this one can define a 1-form J(1) = Jµdx
µ and its Hodge dual Θ(D−1) = (−1)(D−1)⋆J(1).
Considering the infinitesimal diffeomorphism xµ → xµ + ξµ, one can get
J(D−1) ≡ Θ(D−1) − iξ ⋆ L = EΦδΦ − d ⋆ J(2) , (3.27)
where iξ denotes a contraction of ξ
µ on the first index of the D-form ⋆L. One can thus define
an (D − 2)-form Q(D−2) = ⋆J2 and J(D−1) = dQD−2. Here we use the subscript notation
“(p)” to denote a p-form. To make contact with the first law of black hole thermodynamics,
we take ξµ = (∂t)
µ. Wald shows that the variation of the Hamiltonian with respect to the
integration constants of a specific solution is given by
δH = 1
16π
δ
∫
c
J(D−1) −
1
16π
∫
c
d
(
iξΘ(D−1)
)
=
1
16π
∫
Σ(D−2)
(
δQ(D−2) − iξΘ(D−1)
)
, (3.28)
where c denotes a Cauchy surface and Σ(D−2) is its boundary, which has two components,
one at infinity and one on the horizon. Thus according to the Wald formalism, the first law
of black hole thermodynamics is a consequence of
δH∞ = δH+ . (3.29)
For four dimensional EBI theory, we have
Jα1α2α3 = E.O.M. + ǫα1α2α3µ∇ν
2∇[νξµ] − FµνAλξλ√
1 + F
2
2b2
 . (3.30)
To specialise to our static black hole ansatz (3.1) in D = 4 dimensions (note that h(r) =
f(r)), the result for Lagrangian is well established and is given by
δQ− iξΘ = −ω2r2
2δf
r
+
[
1− φ
′2
b2
]
−
3
2
r2φδφ′
 . (3.31)
Choosing the gauge such that the electrostatic potential φ vanishes on the horizon, it is
straightforward to verify that
δH+ = TδS , δH∞ = δM − ΦeδQe , (3.32)
which yields the first law of black hole thermodynamics dM = TdS +ΦedQe.
3.4 Singularity structures
Although the vector field is singularity free, the general solution has a curvature singularity
at the origin r = 0. To study the nature of the singularity, we consider small-r expansion
near the origin:
f = −2(M −M
∗)
r
+ k − 12bQ+ 16(b2 − 2Λ0)r2 −
b3
20Q
r4 +O(r8) , (3.33)
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where
M∗ =
Γ(14)
2
√
b
24
√
π
Q
3
2 . (3.34)
The Riemann-tensor squared is given by
RµνρσRµνρσ =
48(M −M∗)2
r6
+
8bQ(M −M∗)
r5
+
b2Q2
r4
+O( 1
r2
) . (3.35)
Thus we see that when M > M∗, the spacetime has a space-like singularity analogous to
the Schwarzschild black hole, whilst it has a time-like singularity. Note that the time-like
singularity arising from M < M∗ is different from that in the Reissner-Nordstro¨m black
hole which has a 1/r8 divergence. When M = M∗, the solution has a conical singularity
where gtt is non-vanishing. Thus, for spherically-symmetric solutions with k = 1, we have
the following classifications:
• Q > 2
b
:
– M > M∗: Schwarzschild-like black hole with space-like 1/r6 singularity.
– M =M∗: Black hole with space-like 1/r4 conical singularity.
– Mext < M < M
∗: Black hole with time-like 1/r6 singularity, with outer and
inner horizons.
– M =Mext: Extremal black hole with time-like 1/r
6 singularity.
– M < Mext: Naked time-like 1/r
6 singularity.
• Q < 2
b
:
– M > M∗: Schwarzschild-like black hole with space-like 1/r6 singularity.
– M =M∗: Naked time-like 1/r4 singularity.
– M < M∗: Naked time-like 1/r6 singularity.
• Q = 2
b
:
– M > M∗: Schwarzschild-like black hole with space-like 1/r6 singularity.
– M = M∗: A null singularity where the horizon and curvature singularity coin-
cide.
– M < M∗: Naked time-like 1/r6 singularity.
It is worth noting that extremal black hole arises only for Q > 2/b.
As mentioned earlier, the matter field A is singularity free at r = 0, one would then
expect that there exists a parameter like M = M∗ such that the spacetime solution is free
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from singularity. However, there is a singularity for the general solutions. To understand
this phenomenon, we note from (2.4) that the matter energy-momentum tensor is
T µνmat = −
b2
2
√−h√−g
(
h−1
)(µν)
. (3.36)
It follows that even if hµν is non-singular and non-vanishing at r = 0, the matter energy-
momentum tensor diverges at r = 0 since
√−g vanishes there. The singularity however
becomes much milder, and the solution with Q < 2/b and M = M∗ may be viewed as a
quasi-soliton.
4 Generalization to higher dimensions
In previous sections, we studied the dyonic black hole solutions in the four-dimensional EBI
theory, and obtained the first law of thermodynamics for these black holes. Now in this
section, we will generalize these results to arbitrary even dimensions D = 2 + 2n.
4.1 Local solutions
The general ansatz for AdS planar black holes in D = 2 + 2n dimensions is given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
(
dx21 + dx
2
2 + · · · + dx22n−1 + dx22n
)
,
F = φ′(r)dr ∧ dt+ p (dx1 ∧ dx2 + · · ·+ dx2n−1 ∧ dx2n) .
(4.1)
The equations of motion of Aν imply that
φ(r) =
∫
∞
r
qdr√
(r4 + p
2
b2
)n + q
2
b2
. (4.2)
It reduces to the previous D = 4 case when n = 1. The Einstein equations imply that
(r2n−1f)′ = −Λ0
n
r2n − b
2
2n
√(
r4 +
p2
b2
)n
+
q2
b2
. (4.3)
Note that Λ0 = Λ− 12b2 and hence there is a smooth b→∞ limit. However, the limit b→ 0
is singular for n ≥ 3.
Thus we see that the solution to the metric function can be expressed in terms of a
quadrature. In order to read off the thermodynamical quantities, we would like to write the
solution in terms of a well-defined quadrature as a definite integration . To do so, we may
define a function Un(r), which is convergent at r = 0, such that Un(r)−
√
(r4 + p
2
b2
)n + q
2
b2
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has a falloff that is faster than 1/r. This choice is not unique, and we may choose Un =
(r4 + p2/b2)
n
2 . Making use of the identity∫ r
0
dr˜
(
r˜2n −
(
r˜4 +
p2
b2
)n
2
)
=
r2n+1
2n + 1
(
1− 2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4
])
, (4.4)
we find that the function f can now be expressed as
f(r) = − µ
r2n−1
− Λ0
n(2n+ 1)
r2 − b
2r2
2n(2n + 1)
2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4
]
+
b2
2nr2n−1
∫ r
∞
dr˜
{(
r˜4 +
p2
b2
)n
2 −
√(
r˜4 +
p2
b2
)n
+
q2
b2
}
. (4.5)
4.2 Thermodynamics
Now we study the thermodynamics of the dyonic AdS planar black holes in D = 2 + 2n
dimensions, constructed in the previous subsection. In the large-r expansion, the term
associated with graviton condensation has the falloff of 1/r2n−1. It follows from (4.5) that
its coefficient is −µ, with no other terms giving any further contribution. Although there are
slower falloffs due to the presence of the magnetic charges, one can nevertheless, following
from the Wald formalism, define a “gravitional mass” associated with only the condensation
of the graviton modes [37]. It is given by
M =
nωn2
8π
µ , (4.6)
where
µ = −Λ0r+
2n+1
n(2n+ 1)
− b
2r2n+1+
2n(2n + 1)
2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
]
+
b2
2n
∫ r+
∞
dr
{(
r4 +
p2
b2
)n
2 −
√(
r4 +
p2
b2
)n
+
q2
b2
}
.
(4.7)
Here, for simplicity, we assume that
∫
dx1dx2 =
∫
dx3dx4 = · · · =
∫
dx2n−1dx2n ≡ ω2.
The relation between the mass and the horizon radius r+ can be determined by f(r+) = 0.
We can now treat (q, p, r+) as independent parameters of the solution. In terms of these
parameters, the temperature and entropy are given by
T =
f ′(r+)
4π
= − Λ0
4nπ
r+ −
b2r1−2n+
8nπ
√(
r4+ +
p2
b2
)n
+
q2
b2
, (4.8)
S =
A
4
=
ωn2
4
r2n+ . (4.9)
The electric and magnetic charges are given by
Qe =
ωn2
16π
√
−h(h−1)[tr]|r→∞ = q
16π
ωn2 , Qm =
nω2
16π
∫
F =
np
16π
ω2 , (4.10)
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It follows from (4.2) that the electric potential is given by
Φe =
∫
∞
r+
qdr√(
r4 + p
2
b2
)n
+ q
2
b2
. (4.11)
It is easy to very that Φe = ∂M/∂Qe. By assuming the differential first law of black hole
thermodynamics (3.15) is still hold, we can obtain the magnetic potential
Φm =
∂M
∂Qm
= 2ωn−12
[
b2r2n+1+
4np
([
1 +
p2
b2r4+
]n
2
− 2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
])
+
p
2
∫ r+
∞
(
r4 +
p2
b2
)n
2
−1
1−
√√√√√
(
r4 + p
2
b2
)n
(
r4 + p
2
b2
)n
+ q
2
b2
 dr ] .
(4.12)
The generalized “pressure” PΛ0 = −Λ0/(8π), its conjugate quantity V
V = ∂M
∂PΛ0
=
ωn2
2n+ 1
r2n+1+ . (4.13)
The conjugate term of Pb = −b2/(16π) is given by
Vb = −2nωn2
[
−r
2n+1
+
8n
(
1 +
p2
b2r4+
)n
2
+
2n− 3
8n(2n+ 1)
r2n+1+ 2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
]
+
1
2n
∫ r+
∞
{(
r4 +
p2
b2
)n
2 −
√(
r4 +
p2
b2
)n
+
q2
b2
}
dr +
q2
4nb2
∫ r+
∞
dr√(
r4 + p
2
b2
)n
+ q
2
b2
− p
2
4b2
∫ r+
∞
(
r4 +
p2
b2
)n
2
−1
1−
√√√√√
(
r4 + p
2
b2
)n
(
r4 + p
2
b2
)n
+ q
2
b2
 dr ] ,
(4.14)
The extended differential first law of black hole thermodynamics is given by
dM = TdS +ΦedQe +ΦmdQm + VdPΛ0 + VbdPb . (4.15)
The above first law can also be expressed as
dM = TdS +ΦedQe +ΦmdQm + VdPΛ + b
8π
(V − Vb)db . (4.16)
The Smarr formula is given by
M =
2n
2n− 1TS −
2
2n− 1VP +ΦeQe +
1
2n− 1ΦmQm −
2
2n− 1VbPb . (4.17)
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The generalized Smarr formula is given by
M =
2n
2n + 1
(TS +ΦeQe) +
2
2n+ 1
ΦmQm . (4.18)
In order to show the above identities, we need to use∫ r+
∞
{(
r4 +
p2
b2
)n
2 −
√(
r4 +
p2
b2
)n
+
q2
b2
}
dr
=
r+
2n+ 1
[(
r4+ +
p2
b2
)n
2
−
√(
r4+ +
p2
b2
)n
+
q2
b2
]
− 2nq
2
(2n + 1)b2
∫ r+
∞
dr√(
r4 + p
2
b2
)n
+ q
2
b2
+
2np2
(2n + 1)b2
∫ r+
∞
(
r4 +
p2
b2
)n
2
−1
1−
√√√√√
(
r4 + p
2
b2
)n
(
r4 + p
2
b2
)n
+ q
2
b2
 dr .
(4.19)
Note that the definite integrations in all the above equations are well-defined with no di-
vergence. It is remarkable that although the general solution is given up to a well-defined
quadrature, the first law of thermodynamics, and Smarr relations can nevertheless be fully
established.
4.3 Some explicit examples
We obtained the general dyonic AdS planar black holes, up to a quadrature. Here we
present some explicit examples where the quadrature can be integrated in terms of some
special functions.
4.3.1 Pure electric solutions
In this case, we set p = 0, and we find
f(r) = − µ
r2n−1
− Λ0r
2
n(2n+ 1)
− b
2r2
2n(2n+ 1)
2F1
[
−1
2
,−1
2
− 1
4n
;
1
2
− 1
4n
;− q
2
b2r4n
]
. (4.20)
Although our ansatz is for even D = 2n+2 dimensions, the above solution is applicable for
odd dimensions as well so we rewrite it in terms of D:
f(r) = − µ
rD−3
− 2Λ0r
2
(D − 2)(D − 1)
+
b2r2
(D − 2)(D − 1) 2F1
[
−1
2
,− D − 1
2(D − 2) ;
D − 3
2(D − 2);−
q2
b2r2D−4
]
.
(4.21)
Furthermore, we can add a topological parameter k to f so that f → f + k. The solution
becomes that for general topologies and was obtained in [15].
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4.3.2 Pure magnetic solutions
In this case, we set q = 0, and we find
f(r) = − µ
r2n−1
− Λ0
n(2n+ 1)
r2 − b
2r2
2n(2n+ 1)
2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4
]
. (4.22)
Note that when n = 1, corresponding to four dimensions, the two solutions (4.22) and (4.21)
takes the same form with q ↔ p, indicating electric and magnetic duality.
Note also that when n = 2m is even, corresponding to D = 4m + 2 = 6, 10, . . . dimen-
sions, the hypergeometric function in (4.22) solution reduces to some polynomial functions.
Here are some low-lying examples in 6, 10, 14 respective dimensions:
n = 2 : f(r) = − Λ
10
r2 − µ
r3
− p
2
4r2
;
n = 4 : f(r) = − Λ
36
r2 − µ
r7
− p
2
20r2
− p
4
8b2r6
;
n = 6 : f(r) = − Λ
78
r2 − µ
r11
− p
2
36r2
− p
4
20b2r6
− p
6
12b4r10
.
(4.23)
Note that when n = 2, corresponding to D = 6, the metric is independent of b, which
implies that the energy-momentum tensor for the Born-Infeld model is the same as that of
the Maxwell theory.
Here we present the thermodynamical properties of pure magnetic AdS planar black
holes
µ = −Λ0r+
2n+1
n(2n+ 1)
− b
2r2n+1+
2n(2n+ 1)
2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
]
, (4.24)
T = − Λ0
4nπ
r+ −
b2r1−2n+
8nπ
(
r4+ +
p2
b2
)n
2
, S =
ωn2
4
r2n+ , Qm =
np
16π
ω2 , (4.25)
Φm = 2ω
n−1
2
[
b2r2n+1+
4np
([
1 +
p2
b2r4+
]n
2
− 2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
]) ]
, (4.26)
Vb = −2nωn2
(
−r
2n+1
+
8n
(
1 +
p2
b2r4+
)n
2
+
2n − 3
8n(2n + 1)
r2n+1+ 2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4+
] )
.
(4.27)
4.3.3 Dyonic solutions
The quadrature cannot be integrated for general n in terms of a special function, except
for n = 1 and n = 2. The n = 1 example was discussed earlier. Now let us consider n = 2.
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The function f(r) is given by
f(r) = −Λ0
10
r2 − µ˜
r3
− 1
4r2
√
p4 + b2q2 F1
[
1
4
;−1
2
,−1
2
;
5
4
;− b
2r4√
−b2q2 + p2
;
b2r4√
−b2q2 − p2
]
,
(4.28)
where F1 is the Appell hypergeometric function. This form of the solution is not convenient
for extracting the asymptotic infinite behavior. Another equivalent form of the solution is
given by
f(r) = −Λ0
10
r2 − µ
r3
− 4p
2 + b2r4
20r6
√
q2
b2
+
(
r4 +
p2
b2
)2
+
3p4 + b2q2
15b2r6
F1
[
3
4
;
1
2
,
1
2
;
7
4
;
√
−b2q2 − p2
b2r4
,−
√
−b2q2 − p2
b2r4
]
+
3p2(p4 + b2q2)
35b4r10
F1
[
7
4
;
1
2
,
1
2
;
11
4
;
√
−b2q2 − p2
b2r4
,−
√
−b2q2 − p2
b2r4
]
.
(4.29)
The large-r expansion of f(r) is given by
f(r) = − Λ
10
r2 − p
2
4r2
− µ
r3
+
q2
24r6
− p
2q2
56b2r10
− q
2(b2q2 − 4p4)
352b4r14
+
p2q2(3b2q2 − 4p4)
480b6r18
+ · · · .
(4.30)
It is then clear that the parameter µ is related to the gravitional mass. Since this solution
is a special case of the general solutions, we shall not discuss its thermodynamics further.
4.3.4 A more general topology
We may consider more general ansatz with the following general topologies in D = 2n + 2
dimensions
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2Σni=1dΩ
2
i,k , (4.31)
F = φ′(r)dr ∧ dt+ pΣni=1dxi ∧ dyi , (4.32)
where
dΩ2i,k =
dx2i
1− kx2i
+ (1− kx2i )dy2i . (4.33)
The φ(r) is given again the same as (4.2) and f(r) is given by
f(r) =
k
2n − 1 −
µ
r2n−1
− Λ0
n(2n+ 1)
r2 − b
2r2
2n(2n + 1)
2F1
[
−1
4
− n
2
,−n
2
;
3
4
− n
2
;− p
2
b2r4
]
+
b2
2nr2n−1
∫ r
∞
dr˜
{(
r˜4 +
p2
b2
)n
2 −
√(
r˜4 +
p2
b2
)n
+
q2
b2
}
.
(4.34)
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It reduces to the previous result (4.5) for k = 0. The horizon topology now becomes
M2 ×M2 × · · · ×M2, whereM2 can be sphere, torus or hyperbolic 2-space.
5 Conclusion
In this paper, we studied the EBI theory and derived the equations of motion that is
valid in all dimensions and for all charge configurations. By contrast, the Lagrangian (1.3)
considered in many previous works has limited application in higher dimensions. We then
constructed the dyonic AdS black holes in four dimensions with a general topology. We
analyzed the global structure and obtained the first law of thermodynamics. We classified
the singularity structure of these solutions. We then constructed the dyonic AdS black
holes in general even dimensions, where the solutions carry both the electric charge and
also the magnetic fluxes along the planar space. The general solutions were given up to a
quadrature; nevertheless, we show that the first law of black hole thermodynamics can be
established. We also give many special examples where the quadrature can be integrated in
terms of special functions. These solutions provide new gravity duals to study the AdS/CFT
correspondence.
ACKNOWLEDGEMENTS
S.L.L. is grateful to Shuang-Qing Wu for useful discussions. He also thanks Xing-Hui Feng
for kind help and discussions. S.L.L. and H.W. are supported in part by NSFC under
Grants No. 11575022 and No. 11175016. H.L. is supported in part by NSFC grants NO.
11175269, No. 11475024 and No. 11235003.
References
[1] M. Born and L. Infeld, “Foundations of the new field theory,” Proc. Roy. Soc. Lond.
A 144, 425 (1934).
[2] E. S. Fradkin and A. A. Tseytlin, “Nonlinear Electrodynamics from Quantized Strings,”
Phys. Lett. B 163, 123 (1985).
[3] R. G. Leigh, “Dirac-Born-Infeld Action from Dirichlet Sigma Model,” Mod. Phys. Lett.
A 4, 2767 (1989).
17
[4] G. W. Gibbons, “Aspects of Born-Infeld theory and string / M theory,” Rev. Mex. Fis.
49S1, 19 (2003) [AIP Conf. Proc. 589, 324 (2001)] [hep-th/0106059].
[5] A. A. Tseytlin, “Born-Infeld action, supersymmetry and string theory,” In *Shifman,
M.A. (ed.): The many faces of the superworld* 417-452 [hep-th/9908105].
[6] E. Silverstein and D. Tong, “Scalar speed limits and cosmology: Acceleration from
D-cceleration,” Phys. Rev. D 70, 103505 (2004) [hep-th/0310221].
[7] M. Alishahiha, E. Silverstein and D. Tong, “DBI in the sky,” Phys. Rev. D 70, 123505
(2004) [hep-th/0404084].
[8] M. Banados and P. G. Ferreira, “Eddington’s theory of gravity and its progeny,”
Phys. Rev. Lett. 105, 011101 (2010) Erratum: [Phys. Rev. Lett. 113, 119901 (2014)]
[arXiv:1006.1769 [astro-ph.CO]].
[9] E. Elizalde, J. E. Lidsey, S. Nojiri and S. D. Odintsov, “Born-Infeld quantum conden-
sate as dark energy in the universe,” Phys. Lett. B 574, 1 (2003) [hep-th/0307177].
[10] A. Fuzfa and J.-M. Alimi, “Dark Energy as a Born-Infeld Gauge Interaction Violating
the Equivalence Principle,” Phys. Rev. Lett. 97, 061301 (2006) [astro-ph/0604517].
[11] A. Garc´ıa A, H. Salazar and J. F. Pleba´nski, “Type-D solutions of the Einstein and
Born-Infeld nonlinear-electrodynamics equations,” Nuovo Cimento B 84, 65 (1984).
[12] M. Cataldo and A. Garcia, “Three dimensional black hole coupled to the Born-Infeld
electrodynamics,” Phys. Lett. B 456, 28 (1999) [hep-th/9903257].
[13] S. Fernando and D. Krug, “Charged black hole solutions in Einstein-Born-Infeld gravity
with a cosmological constant,” Gen. Rel. Grav. 35, 129 (2003) [hep-th/0306120].
[14] T. K. Dey, “Born-Infeld black holes in the presence of a cosmological constant,” Phys.
Lett. B 595, 484 (2004) [hep-th/0406169].
[15] R. G. Cai, D. W. Pang and A. Wang, “Born-Infeld black holes in (A)dS spaces,” Phys.
Rev. D 70, 124034 (2004) [hep-th/0410158].
[16] M. H. Dehghani, S. H. Hendi, A. Sheykhi and H. Rastegar Sedehi, “Thermodynamics
of rotating black branes in (n+1)-dimensional Einstein-Born-Infeld-dilaton gravity,”
JCAP 0702, 020 (2007) [hep-th/0611288].
18
[17] M. H. Dehghani and S. H. Hendi, “Thermodynamics of rotating black branes in Gauss-
Bonnet-Born-Infeld gravity,” Int. J. Mod. Phys. D 16, 1829 (2007) [hep-th/0611087].
[18] M. H. Dehghani, N. Alinejadi and S. H. Hendi, “Topological Black Holes in Lovelock-
Born-Infeld Gravity,” Phys. Rev. D 77, 104025 (2008) [arXiv:0802.2637 [hep-th]].
[19] S. H. Hendi, R. Moradi and Z. Armanfard, “Extended phase space thermodynam-
ics and P-V criticality: Brans-Dicke-Born-Infeld vs Einstein-BI-dilaton black holes,”
arXiv:1511.02761 [gr-qc].
[20] E. L. B. Junior, M. E. Rodrigues and M. J. S. Houndjo, “Born-Infeld and Charged
Black Holes with non-linear source in f(T ) Gravity,” JCAP 1506, 037 (2015)
[arXiv:1503.07427 [gr-qc]].
[21] S. H. Hendi, B. E. Panah and S. Panahiyan, “Einstein-Born-Infeld-Massive Gravity:
adS-Black Hole Solutions and their Thermodynamical properties,” JHEP 1511, 157
(2015) [arXiv:1508.01311 [hep-th]].
[22] S. Gunasekaran, R. B. Mann and D. Kubiznak, “Extended phase space thermodynam-
ics for charged and rotating black holes and Born-Infeld vacuum polarization,” JHEP
1211, 110 (2012) [arXiv:1208.6251 [hep-th]].
[23] R. Banerjee and D. Roychowdhury, Phys. Rev. D 85, 044040 (2012) [arXiv:1111.0147
[gr-qc]].
[24] D. C. Zou, S. J. Zhang and B. Wang, “Critical behavior of Born-Infeld AdS black
holes in the extended phase space thermodynamics,” Phys. Rev. D 89, 044002 (2014)
[arXiv:1311.7299 [hep-th]].
[25] N. Breton, “Geodesic structure of the Born-Infeld black hole,” Class. Quant. Grav. 19,
601 (2002).
[26] R. Linares, M. Maceda and D. Martnez-Carbajal, “Test Particle Motion in the Born-
Infeld Black Hole,” Phys. Rev. D 92, 024052 (2015) [arXiv:1412.3569 [gr-qc]].
[27] R. G. Cai and Y. W. Sun, “Shear Viscosity from AdS Born-Infeld Black Holes,” JHEP
0809, 115 (2008) [arXiv:0807.2377 [hep-th]].
[28] J. Jing and S. Chen, “Holographic superconductors in the Born-Infeld electrodynam-
ics,” Phys. Lett. B 686, 68 (2010) [arXiv:1001.4227 [gr-qc]].
19
[29] P. Chaturvedi and G. Sengupta, “p-wave Holographic Superconductors from Born-
Infeld Black Holes,” JHEP 1504, 001 (2015) [arXiv:1501.06998 [hep-th]].
[30] E. F. Eiroa and C. Simeone, “Thin shells in Einstein-Born-Infeld theory,” AIP Conf.
Proc. 1458, 383 (2012) [arXiv:1111.4192 [gr-qc]].
[31] L. F. Abbott and S. Deser, “Stability of Gravity with a Cosmological Constant,” Nucl.
Phys. B 195, 76 (1982).
[32] M. Cvetic, G. W. Gibbons, D. Kubiznak and C. N. Pope, “Black Hole Enthalpy and an
Entropy Inequality for the Thermodynamic Volume,” Phys. Rev. D 84, 024037 (2011)
[arXiv:1012.2888 [hep-th]].
[33] D. Kastor, S. Ray and J. Traschen, “Enthalpy and the Mechanics of AdS Black Holes,”
Class. Quant. Grav. 26, 195011 (2009) [arXiv:0904.2765 [hep-th]].
[34] D. A. Rasheed, “Nonlinear electrodynamics: Zeroth and first laws of black hole me-
chanics,” hep-th/9702087.
[35] N. Breton, “Smarr’s formula for black holes with non-linear electrodynamics,” Gen.
Rel. Grav. 37, 643 (2005) [gr-qc/0405116].
[36] Y. H. Wei, “Energy and first law of thermodynamics for Born-Infeld-anti-de-Sitter
black hole,” Chin. Phys. B 19, 090404 (2010).
[37] H. S. Liu, H. Lu¨ and C. N. Pope, “Generalized Smarr formula and the viscosity
bound for Einstein-Maxwell-dilaton black holes,” Phys. Rev. D 92, 064014 (2015)
[arXiv:1507.02294 [hep-th]].
[38] R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D 48, 3427 (1993)
[gr-qc/9307038].
[39] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dy-
namical black hole entropy,” Phys. Rev. D 50, 846 (1994) [gr-qc/9403028].
[40] W. Kim, S. Kulkarni and S. H. Yi, “Quasilocal Conserved Charges in a Covariant
Theory of Gravity,” Phys. Rev. Lett. 111, 081101 (2013) Erratum: [Phys. Rev. Lett.
112, 079902 (2014)] [arXiv:1306.2138 [hep-th]].
[41] W. Kim, S. Kulkarni and S. H. Yi, “Quasilocal conserved charges in the presence of a
gravitational Chern-Simons term,” Phys. Rev. D 88, 124004 (2013) [arXiv:1310.1739
[hep-th]].
20
[42] J. J. Peng, “Conserved charges of black holes in Weyl and Einstein-Gauss-Bonnet
gravities,” Eur. Phys. J. C 74, 3156 (2014) [arXiv:1407.4875 [gr-qc]].
[43] S. Q. Wu and S. L. Li, “Thermodynamics of Static Dyonic AdS Black Holes in the ω-
Deformed Kaluza-Klein Gauged Supergravity Theory,” Phys. Lett. B 746, 276 (2015)
[arXiv:1505.00117 [hep-th]].
[44] J. J. Peng, “Off-shell Noether current and conserved charge in Horndeski theory,” Phys.
Lett. B 752, 191 (2016) [arXiv:1511.06516 [gr-qc]].
[45] J. J. Peng, “Mass and angular momentum of black holes in low-energy heterotic string
theory,” Int. J. Mod. Phys. A 31, 1650060 (2016) [arXiv:1604.06619 [gr-qc]].
[46] H. S. Liu and H. Lu¨, “Scalar Charges in Asymptotic AdS Geometries,” Phys. Lett. B
730, 267 (2014) [arXiv:1401.0010 [hep-th]].
[47] H. Lu¨, C. N. Pope and Q. Wen, “Thermodynamics of AdS Black Holes in Einstein-
Scalar Gravity,” JHEP 1503, 165 (2015) [arXiv:1408.1514 [hep-th]].
[48] H. S. Liu, H. Lu¨ and C. N. Pope, “Thermodynamics of Einstein-Proca AdS Black
Holes,” JHEP 1406, 109 (2014) [arXiv:1402.5153 [hep-th]].
[49] Z. Y. Fan and H. Lu¨, “SU(2)-Colored (A)dS Black Holes in Conformal Gravity,” JHEP
1502, 013 (2015) [arXiv:1411.5372 [hep-th]].
[50] X. H. Feng, H. S. Liu, H. Lu¨ and C. N. Pope, “Black Hole Entropy and Viscosity
Bound in Horndeski Gravity,” JHEP 1511, 176 (2015) [arXiv:1509.07142 [hep-th]].
[51] X. H. Feng, H. S. Liu, H. Lu¨ and C. N. Pope, “Thermodynamics of Charged
Black Holes in Einstein-Horndeski-Maxwell Theory,” Phys. Rev. D 93, 044030 (2016)
[arXiv:1512.02659 [hep-th]].
[52] X. H. Feng and H. Lu¨, “Higher-Derivative Gravity with Non-minimally Coupled
Maxwell Field,” Eur. Phys. J. D 76, 178 (2016) [arXiv:1512.09153 [hep-th]].
[53] Z. Y. Fan and H. Lu¨, “Thermodynamical First Laws of Black Holes in Quadratically-
Extended Gravities,” Phys. Rev. D 91, 064009 (2015) [arXiv:1501.00006 [hep-th]].
[54] H. S. Liu and H. Lu¨, “Thermodynamics of Lifshitz Black Holes,” JHEP 1412, 071
(2014) [arXiv:1410.6181 [hep-th]].
21
